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Abstract
As an extension of the class of algebraic links, A’Campo constructed links associated to relatively
immersed arcs in a two-dimensional disk. Hirasawa gave an algorithm to draw diagrams of such
links. By using his algorithm, we show that such links are quasipositive. Furthermore, we extend this
result to links associated with non-relatively immersed arcs and loops by Gibson and Ishikawa.
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1. Introduction
In [1], A’Campo constructed links of divides as an extension of the class of algebraic
links, that is, links of singularities of algebraic curves. It is well known that any algebraic
link admits a representation as a closed positive braid. In this paper, we show that the link
of any divide admits a representation as the closure of the product of conjugates of positive
braids.
By the argument due to A’Campo, a link is associated to any immersed arcs (and loops)
in a disk as follows.
Let D be a unit disk in the real plane R2, that is D = {x = (x1, x2) ∈ R2 | |x|2 =
x21 + x22  1}. A divide P is a generic relative immersion in the unit disk (D, ∂D) of a
finite number of 1-manifolds, i.e., copies of the unit interval (I, ∂I) and the unit circle [1,
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2,7]. A branch of P is an image of one of the copies. We shall call an image of one of the
copies of the interval an interval branch, and an image of one of the copies of the circle a
circle branch.
Let TxX be the tangent space at a point x of a manifold X, and TX be the tangent bundle
over a manifold X. We identify the 3-sphere S3 with the set
STR2 = {(x,u) ∈ TR2 | x ∈R2, u ∈ TxR2, |x|2 + |u|2 = 1
}
.
The link of a divide P is the set given by
L(P)= {(x,u) ∈ STR2 | x ∈ P, u ∈ TxP
}
.
We orient the 3-sphere and the link L(P) as follows. We identify the tangent bundle
TR2 =R4 with the 2-dimensional complex space C2 by the map
(
(x1, x2), (u1, u2)
) → (x1 +
√−1u1, x2 +
√−1u2
)
.
The tangent bundle TR2 is oriented by the complex orientation of C2, and the 3-sphere is
naturally oriented by the complex orientation of the 4-ball
{
(x,u) ∈ TR2 | x ∈R2, u ∈ TxR2, |x|2 + |u|2  1
}
.
Let [a, b] be a small interval with a < b. Let φ : [a, b] → D be an embedding whose
image lies on P . We orient a part of the link L(P) as the image of the map t →
(φ(t),
√
1−|φ(t)|2
|φ˙(t )| φ˙(t)), where φ˙(t) is the differential of φ(t). We can extend this orientation
to L(P). A divide link is the oriented link ambient isotopic to the link of some divide.
In [2], A’Campo showed that for any divide P (without circle branches), the link of the
divide P , L(P), is ambient isotopic to a transverse C-link. A transverse C-link is the link
represented as the transversal intersection of an algebraic curve and the unit sphere in the
2-dimensional complex space C2 [13]. The transverse C-link is naturally oriented by the
complex orientation of the algebraic curve.
In [5], Couture and Perron showed that the link of any ordered Morse divide is the clo-
sure of a positive braid. An ordered Morse divide is a divide whose x1-coordinate has at
most two critical values as a function. A positive braid is the product of canonical gener-
ators of the braid group, that is, a braid which has a diagram without negative crossings.
A quasipositive braid is the product of conjugates of positive braids, and a quasipositive
link is an oriented link which has a closed quasipositive braid diagram. In [11], Rudolph
showed that any quasipositive link is ambient isotopic to a transverse C-link, and he con-
jectured in [12] that any transverse C-link will be quasipositive (cf. [13,14]).
Comparing the set of divide links with that of quasipositive links may be useful in giving
an algorithm to represent a given transverse C-link as a closed quasipositive braid. In this
paper, we give such an algorithm for divide links and show the following result by using
the visualization algorithm due to Hirasawa [7].
Theorem 1.1. Links of divides are quasipositive.
We prove this theorem after reviewing the algorithm due to Hirasawa. The above
theorem is extended to links of free divides as defined by Gibson and Ishikawa [6]. We
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explain the definition of the link of a free divide and extend the above theorem in Section 4.
Therefore, by a result due to Rudolph [11], links of free divides are also ambient isotopic
to transverse C-links.
At the end of the paper, we comment on the slice Euler characteristic of the link of a
divide and the existence of the quasipositive link which cannot be a link of any free divide.
Remark 1.2. After the first submission, the referee informed the author that Boileau and
Orevkov [3] have quite recently proved that the conjecture suggested by Rudolph is true
by the theory of pseudoholomorphic curves. Their result includes Theorem 1.1.
2. Hirasawa’s visualization of links of divides
In [7], Hirasawa gave an algorithm to draw a diagram of the link of a given divide. In
this section we review and restate his algorithm.
A regular isotopy of P in the space of generic immersions does not change the isotopy
type of the link L(P). Hence we may assume that divides are linear with slope ±1 except
near the ‘corners’, where a branch quickly changes its slope from ±1 to ∓1. For a divide
P we draw a link diagram by the following algorithm.
(1) For each branch B of P , we draw the boundary of a ‘very small’ neighborhood of
B in the disk D, assigned with the clockwise orientation, as illustrated in Fig. 1. In
particular, we draw a ‘hairpin curve’ around each point of ∂P as illustrated on the
right of Fig. 1, where the interrupted curve represents ∂D.
(2) Around double points, north corners, and south corners of P , we modify the diagram
as illustrated in Fig. 2, where interrupted curves represent the boundary of D.
Proposition 2.1 [7]. For any divide P , the diagram obtained by the above algorithm
represents L(P), the link of divide P .
For example, for the divide illustrated at the top of Fig. 3, we obtain the link diagram
as illustrated at the bottom. This link is the mirror image of the knot 10145 in Rolfsen’s
table [10] (cf. [2,7]), and it is not a closed positive braid (cf. [15]): then it is not algebraic.
Remark 2.2. In [7], Hirasawa oriented the tangent bundle TD by the coordinate
(x,u) = (x1, x2, u1, u2). Therefore the diagrams of links of divides in this paper are the
Fig. 1. The first step of Hirasawa’s visualization.
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Fig. 2. The second step of Hirasawa’s visualization.
Fig. 3. An example of the diagram of a divide link.
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mirror images of those in his paper, since the orientations of the 3-sphere are opposite.
Chmutov [4] and Couture and Perron [5] also gave algorithms to draw link diagrams from
divides under the same orientation of the 3-sphere as that of Hirasawa. A’Campo [2] and
Ishikawa [8] drew diagrams of divide links under the same orientation of the 3-sphere used
in this paper. This orientation is compatible with the braid representations of divide links
due to Couture and Perron [5].
3. Links of divides are quasipositive
Using Hirasawa’s visualization of the link of divide, we show Theorem 1.1. For a given
divide P , we construct the diagram of an immersed 2-manifold F(P) in the 3-sphere, by
the following algorithm.
(1) For each arc α in P , except near double points, corners, and the boundary of P , we
construct a band along α in the disk D as illustrated in Fig. 4.
(2) Around east corners, west corners, and the boundary of P , we construct disks with
bands as illustrated in Fig. 5, where interrupted curves represent ∂D.
(3) Around each double point of P , we construct two disks and bands as illustrated in
Fig. 6.
(4) Around each of the north corners and south corners of P , we construct an immersion
of a disk and bands as illustrated in Fig. 7, where interrupted curves represent
∂D. The bands associated to arcs between the corner and ∂D intersect with a disk
associated to the corner.
Fig. 4. The first step of construction of immersed 2-manifolds.
Fig. 5. Immersed 2-manifolds around the boundary and east-west corners.
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Fig. 6. An immersed 2-manifold around a double point.
Fig. 7. Immersed 2-manifolds around north and south corners.
If P is the divide illustrated at the top of Fig. 3, then we obtain the diagram of F(P) as
illustrated in Fig. 8.
We note that F(P) is an immersed orientable 2-manifold. We suppose that the boundary
of the above immersed 2-manifold F(P) is oriented clockwise in the diagram obtained
by the above algorithm. Then it is the link L(P), since the boundary ∂F (P ) is the link
obtained from P by Hirasawa’s algorithm. Then we show the following proposition in
order to prove Theorem 1.1.
Proposition 3.1. For any divide P , the boundary of the above immersed 2-manifold F(P)
is a quasipositive link.
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Fig. 8. An example of F(P ).
Fig. 9. ∂F(P ) as a closed quasipositive braid.
Proof. Along each band with slope −1, we consider the connected sum of disks. Finally,
F(P) consists of bands with slope +1 and disks. For example, we obtain the diagram
illustrated in Fig. 9 from Fig. 8. Then we regard the diagram of the boundary ∂F (P )
as a closed braid diagram. In this diagram, the bands with slope +1 represent positive
bands. ✷
Remark 3.2. The index numbers may be rather large for the closed braid diagrams
obtained from divides by the above argument, because we give priority to the proof of
quasipositivity. In [5], Couture and Perron gave an algorithm to produce braids from
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divides by considering Morse signed divides. For estimation of the braid indexes, their
algorithm may be better.
4. Links of free divides
In this section, we apply the above arguments to links of free divides. A free divide
and the link of a free divide are defined by Gibson and Ishikawa [6]. A free divide P is a
generic non-relative immersion in the unit disk D of a finite number of 1-manifolds. In [6],
Gibson and Ishikawa considered free divides with only interval branches, but we consider
both interval and circle branches in this paper. The image of the boundary of the copies of
the unit interval might not lie in the boundary of the unit disk. We call a point of such a
boundary image a free endpoint of P .
Let EP be the set of all free endpoints of P . At each free endpoint x ∈ EP , there are
two limits of tangent vectors of P , v = (r cosθ, r sin θ) and v′ = (r cos θ ′, r sin θ ′), where
r =√1− |x|2, θ ′ = θ ± π . Let [a, b] be a small interval with a < b. Let φ : [a, b]→ P be
an embedding with φ(b) = x . We define v by v = limt→b
√
1−|φ(t)|2
|φ˙(t )| φ˙(t) and define two
paths from v to v′ in {u ∈ TxD | |x|2 + |u|2 = 1} as follows:
l(P, x,+)= {(r cos(θ + t), r sin(θ + t)) ∈ TxD | r =
√
1− |x|2, t ∈ [0,π]},
l(P, x,−)= {(r cos(θ − t), r sin(θ − t)) ∈ TxD | r =
√
1− |x|2, t ∈ [0,π]}.
We also denote by l(P, x,±) the image of l(P, x,±) by the map TxD→ TD;u → (x,u).
A link of a free divide P is the set given by
L
(
P ; {εx}x∈EP
)= {(x,u) ∈ STR2 | x ∈ P −EP , u ∈ TxP
} ∪
⋃
x∈EP
l(P, x, εx),
where εx is a sign + or − for the free endpoint x . We note that the link of the given
free divide may not be defined uniquely and depends on signs of the free endpoints. The
orientation of the link of a free divide is given by same argument as that of the link of
divide.
Similarly to non-free divides, we may assume that free divides are linear with slope
±1 except near the corners, where a branch quickly changes its slope from ±1 to ∓1. By
extending the argument due to Hirasawa [7] to links of free divides, we obtain a diagram
of the link of the given free divide as follows.
(1) For each branch B of P , we draw the boundary of a ‘very small’ neighborhood of B
in the disk D, assigned with the clockwise orientation as illustrated in Fig. 1, where
the interrupted curve represents ∂D.
(2) Around double points, north corners, and south corners of P , we modify the diagram
as illustrated in Fig. 2, where interrupted curves represent ∂D.
(3) Around each free endpoint, we modify the diagram as illustrated in Fig. 10
(respectively Fig. 11) if the sign for the free endpoint is + (respectively −), where
interrupted curves represent ∂D.
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Fig. 10. l(P, x,+).
Fig. 11. l(P, x,−).
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By using almost the same argument as that in the proof of Theorem 1.1, we have the
following theorem.
Theorem 4.1. Links of free divides are quasipositive. Therefore links of free divides are
ambient isotopic to transverse C-links.
Proof. For a given free divide P , we construct F(P ; {εx}x∈EP ), an immersed 2-manifold
in the 3-sphere, which consists of disks and bands as determined by the following
algorithm.
(1) For each arc α in P , except near crossings, corners, and non-free endpoints of P ,
we construct a band along α in the disk D as illustrated in Fig. 4.
(2) Around east corners and west corners we construct disks with bands as illustrated in
Fig. 5.
(3) Around each double point of P we construct two disks and bands as illustrated in
Fig. 6.
(4) Around each of the north corners and south corners of P we construct an immersion
of a disk and bands as illustrated in Fig. 7.
(5) Around free endpoints of P , we construct an immersion of disks and bands as
illustrated in Fig. 12 (respectively Fig. 13) if the sign for the free endpoint is +
(respectively −), where interrupted curves represent ∂D.
Fig. 12. Immersed 2-manifolds around positive free endpoints.
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Fig. 13. Immersed 2-manifolds around negative free endpoints.
The boundary of F(P ; {εx}x∈EP ) is ambient isotopic to L(P ; {εx}x∈EP ). By the
same argument as that in the proof of Proposition 3.1, we can show that the link
∂F (P ; {εx}x∈EP ) is a quasipositive link. ✷
5. The slice Euler characteristic of the link of divide
Let L be an oriented link, and let F ⊂ D4 be a smooth, oriented 2-manifold with
∂F = L, where D4 is the 4-ball bounded by S3. We suppose that F has no closed
components, but F is not assumed to be connected. We denote by χs(L) the greatest value
of the Euler characteristic χ(F) for such 2-manifolds F ⊂D4, and we call this invariant
the slice Euler characteristic. In [14], Rudolph showed the following equality.
Theorem 5.1 [14]. Let L be the closure of a quasipositive braid with n strings and k
positive bands. Then we have χs(L)= n− k.
Let P be a divide or a free divide. Let r1 be the number of interval branches of P , and δ
the number of double points of P . By Theorem 5.1 we have χs(L(P ))= χ(F(P )) if P is
a divide, and χs(L(P ; {εx}x∈EP ))= χ(F(P ; {εx}x∈EP )) if P is a free divide. By means of
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constructions of immersed 2-manifolds F(P) and F(P ; {εx}x∈EP ), we have the following
result.
Proposition 5.2. Let P be a divide or a free divide. Let r1 be the number of interval
branches of P , and δ the number of double points of P . Then the slice Euler characteristic
of the link of P is r1 − 2δ.
This result does not depend on the number of circle branches.
In particular, A’Campo [2], Gibson and Ishikawa [6] showed that for any P without
circle branches, the unknotting number u of the link of P is equal to δ, and their arguments
include the above proposition. Hence for the link of a divide or free divide without circle
branches, the equality 2u= r1 − χs holds.
Furthermore, by their results, a divide knot with the unknotting number one must be the
trefoil knot, and a knot of a free divide with the unknotting number one must be the trefoil
knot or the mirror image of the knot 52 in Rolfsen’s table [10] (cf. tables in [6]). Then the
mirror image of the knot 72 cannot be a knot of a free divide since its unknotting number
is one, though it is quasipositive. Therefore not every quasipositive link is the link of a free
divide.
Remark 5.3. Let L be an r-component link. The four-dimensional clasp number of L
is the minimum number of the double points for transversely immersed disks in D4 with
boundaryL and with only finite double points as singularities [9]. The 4-dimensional clasp
number is not greater than the unknotting number and not less than 12 (r − χs). By means
of the above proposition and the results due to A’Campo [2], Gibson and Ishikawa [6], the
4-dimensional clasp number of a link of a divide or free divide without circle branches is
also equal to the number of the double points.
Remark 5.4. For any connected divide, A’Campo showed in [2] that the link of the divide
is fibered, and Hirasawa gave an algorithm to construct a fiber surface in [7]. If we apply
his algorithm to any divide, we have an oriented 2-submanifold in the 3-sphere with Euler
characteristic equal to the slice Euler characteristic of the link of the divide. In [6] Gibson
and Ishikawa have remarked that (the mirror image of) the knot 52 is a knot of a free
divide but not fibered, and that the above result due to A’Campo cannot be extended to free
divides.
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